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The degree of diffusion anisotropy in different brain regions is
usually measured by a diffusion anisotropy index (DAI) such as
relative anisotropy (RA) and fractional anisotropy (FA). FA has
been reported to have a higher contrast-to-noise ratio (CNR)
than RA. The present work compares the CNRs of seven DAIs in
theoretical propagation-of-error calculations, in simulations,
and in human brain measurements over small and large anisot-
ropy differences. In simulations all seven CNRs were similar for
small anisotropy differences. Small differences among the DAIs
appeared at higher anisotropy levels and lower signal-to-noise
ratios with certain tensor orientations. The DAIs fell into three
groups based on algebraic relationships and small CNR differ-
ences. The group with RA and FA had the best CNR. Human
brain regions with small anisotropy differences had similar CNR
for all seven DAIs, and the scatter in the data was greater than
any expected differences. With large anisotropy differences, a
small advantage appeared for RA over FA in some simulations
and for FA over RA in other simulations. The CNR between brain
regions with very different anisotropies was different for each
DAI. The apparent reported advantage of FA over RA is ex-
plained by biologic heterogeneity and by noise-induced bias in
the DAI values and their standard deviations. Magn Reson
Med 53:911–918, 2005. © 2005 Wiley-Liss, Inc.
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Diffusion tensor imaging (DTI) has been useful for measur-
ing the degree of diffusion anisotropy in different brain
regions (1–10) and in diseases that involve the brain. The
degree of anisotropy is usually expressed by a number
called a diffusion anisotropy index (DAI), which can be
calculated from the diffusion eigenvalues �1, �2, and �3

(Table 1) (1–5,8,11) or from the diffusion tensor elements
(5–9,12). The first three definitions of rotationally invari-
ant DAIs that do not require eigenvalue sorting were the
relative anisotropy (RA), the fractional anisotropy (FA),
and the volume ratio (VR) (13). In order to make each DAI
range from 0 for isotropic diffusion to 1 for completely
anisotropic (unidirectional) diffusion, the volume fraction
(VF � 1 � VR) (2) and A� � RA/21/2 (12) were defined.
These modified DAIs will be used in the present work, but
A� will be referred to as “scaled RA,” sRA, because the
name “relative anisotropy” is better known. Other DAIs
were suggested later, including three “ultimate anisot-
ropy” indices (UAsurf, UAvol, and UAvol, surf) (7) and the

�-variate anisotropy index (GV), which is computed from
sRA (4).

The main application of DAIs is to determine whether
two tissues have the same degree of anisotropy. The tis-
sues may differ in age, location, or disease state. In these
cases the important parameter for DAI comparisons is the
contrast-to-noise ratio (CNR), which is very similar to Stu-
dent’s t statistic. Other parameters such as contrast alone
(4,7), noise alone, and signal-to-noise ratio (SNR) (3,8) do
not, by themselves, indicate anything about the ability to
differentiate tissues with different anisotropy levels.

The three original DAIs (RA, FA, and VR) have been
compared with respect to CNR in human brain between
different tissues (2) and in simulations comparing aniso-
tropic tissues and isotropic diffusion (10), as well as with
respect to SNR in simulations (3,8) and in human brain (8).
However, there do not appear to have been any systematic
comparisons with the other four DAIs, with analytic prop-
agation-of-error calculations, or with CNR with a small
difference in sRA in simulations. This latter definition is
important for optimizing the detection of small differences
between different brain regions or different groups, for
example a diseased brain compared to a normal brain.
Furthermore, despite a claim that “FA exhibits better noise
immunity characteristics” than sRA (8), no consistent ad-
vantage of any DAI over any other DAI for statistical com-
parison of anisotropy in homogeneous regions with uni-
form anisotropy has ever been demonstrated.

The purpose of this work is to compare the CNR of all
seven DAIs in Table 1 for both small and large anisotropy
differences. These comparisons include analytic propaga-
tion-of-error calculations, Monte Carlo simulations, and
experimental data.

THEORY

The different DAIs can be divided into three groups based
on algebraic relationships. Fractional anisotropy (9),
UAsurf, GV, and sRA can be expressed in terms of each
other,

FA2 � 3sRA2/(2sRA2 � 1) � 3RA2/(2RA2 � 2) [1]

UAsurf � 1 � (1 � sRA2)1/2 [2]

GV � [519.14 � 259.57e�8sRA

�(64sRA2 � 16sRA � 2)]/512 [3]

sRA2 � FA2/(3 � 2FA2) � 1 � (1 � UAsurf)2, [4]

UAvol and VF can be expressed in terms of each other,

VF � 1 � (1 � UAvol)3 [5]
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UAvol � 1 � (1 � VF)1/3, [6]

and UAvol, surf can be expressed in terms of sRA and VF:

UAvol,surf � 1 � (1 � VF)1/3/(1 � sRA2)1/2. [7]

Equations [1–5] lead to the following relationships for the
derivatives with respect to sRA or UAvol: dFA/dsRA (8),
dGV/dsRA (4), dUAsurf/dsRA, and dVF/dUAvol.

dFA/dsRA � (FA/sRA)3/3 [8]

dGV/dsRA � 259.57 sRA2e�8sRA [9]

dUAsurf/dsRA � sRA/(1 � sRA2)1/2 [10]

dVF/dUAvol � 3(1 � UAvol)2 [11]

DAIs are most commonly compared as a function of an
anisotropy index defined for cylindrical symmetry (7,12),
where two eigenvalues are equal (with a value equal to D2)
and the third eigenvalue may be different (with a value
equal to D1),

A � �D1 � D2	/�D1 � 2D2	 � �D1/Dav � 1	/2, [12]

where Dav is defined in Table 1. A ranges from �0.5 for
completely anisotropic oblate diffusion (D1 � 0) through 0
for isotropic diffusion to 1 for completely anisotropic pro-
late diffusion (D2 � 0). The seven DAIs are plotted as a
function of A in Fig. 1a, and their derivatives with respect
to A are plotted in Fig. 1b. Since sRA � � A � (Fig. 1), Fig. 1b
also shows the derivatives with respect to sRA.

For comparisons among the DAIs, CNR is the statisti-
cally relevant parameter. Contrast is the difference be-
tween two DAI values, and the noise is the square root of
the sum of the variances in the two individual measure-
ments. In order to compare CNR over different anisotropy
intervals, the CNR can be divided by the difference in
some reference anisotropy index. A logical choice for such
a reference index in simulations is A, since A � sRA for a
prolate diffusion ellipsoid and because A and sRA are
commonly used as a scale for comparing DAIs (2,4,7,8).
Furthermore, for a fixed value of Dav, a plot of sRA as a
function of the largest eigenvalue is linear both for cylin-

drical symmetry (Eq. [12]) and when �1 � �2 � �2 � �3 (3).
The resulting CNR formula is

CNR2 � [(DAI2 � DAI1)/(A2 � A1)]/(�1
2 � �2

2)1/2, [13]

where DAI1 and DAI2 are the expectation values (averages)
of the DAI calculated at each A value. The factor (A2 � A1)

Table 1
Summary of DAI Formulas That Range from Zero (Isotropic) to One (Anisotropic)

Diffusion anisotropy index Formulaa

Scaled relative anisotropy (sRA) {[(�1�Dav)
2�(�2�Dav)

2�(�3�Dav)
2]/6}1/2/Dav

Fractional anisotropy (FA) {3[(�1�Dav)
2�(�2�Dav)

2�(�3�Dav)
2]/[2(�1

2��2
2��3

2)]}1/2

Volume fraction (VF) 1 � �1 �2 �3/Dav
3

Gamma variate (GV)b [ae�bsRA(b2sRA2�2bsRA�2)�2a]/b3, a��259.57, b�8
UAsurf 1�[(�1 �2��2 �3��3 �1)/3]1/2/Dav

UAvol 1�(�1 �2 �3)1/3/Dav

UAvol,surf 1�(�1�2�3)1/3/[(�1 �2��2 �3��3 �1)/3]1/2

aDav � (�1 � �2 � �3)/3.
bThe b in the � variate formula is not the diffusion sensitivity factor b. The �-variate constants a and b can be selected freely and have been
set to the values suggested in Ref. (4).

FIG. 1. Comparison of the seven DAIs as a function of A for a
cylindrically symmetric prolate diffusion ellipsoid. a: DAI values. b:
Derivatives with respect to A, which are also the derivatives with
respect to sRA. UV, UAvol; US, UAsurf; VS, UAvol, surf.
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in the denominator is simply a scale factor that allows
comparison of CNR over different anisotropy intervals. It
can be ignored when two DAIs are being compared over
the same anisotropy interval. In the limit of an infinitesi-
mal change in A, the relative CNR at a single A value
becomes

CNR1 � �dDAI/dA	/�A. [14]

In biologic samples the measured DAI variance contains
contributions from biologic heterogeneity as well as from
noise. This additional factor can be emphasized by calling
the measured CNR the CSR, for “contrast-to-scatter ratio”
or “contrast-to-standard-deviation ratio.” Furthermore, the
true eigenvalues are not known and cylindrical symmetry
may not be present. The A2 � A1 term can be omitted from
Eq. [13] (2,8,10), or it can be replaced with sRA2�sRA1:

CSR � [(DAI2 � DAI1)/(sRA2 � sRA1)]/(�1
2 � �2

2)1/2.

[15]

As in Eq. [13], the scale factor (sRA2 � sRA1) in the
denominator can be ignored when two DAIs are being
compared over the same anisotropy interval.

Standard propagation-of-error theory predicts that if one
variable can be expressed in terms of another variable, for
example FA(sRA) (Eq. [1]) and sRA(FA) (Eq. [4]), then the
relative standard deviations are related (8) by

�FA/�sRA � dFA/dsRA. [16]

Equation [16] applies to Eqs. [8–11] and is valid whether
the scatter in the data is caused by noise or by biologic
heterogeneity. Since dFA/dsRA equals the relative con-
trast between FA and sRA for small anisotropy differences,
such pairs of variables should have identical CNR for
small anisotropy differences. Therefore sRA, FA, UAsurf,
and GV should have identical CNR, and VR and UAvol

should have identical CNR. However, these equalities do
not appear to have been published. Furthermore, it is not
clear whether the CNR values of these two groups are
equal and how they compare to the CNR of UAvol, surf.

When two CNRs such as CNRFA and CNRsRA are being
compared, application of Eq. [13] to each index yields

CNRFA

CNRsRA
�

FA2 � FA1

�(�FA1
2 � �FA2

2 )

�(�sRA1
2 � �sRA2

2 )
sRA2 � sRA1

, [17]

which can be rearranged with Eq. [16], after dividing nu-
merator and denominator by �sRA1, to

CNRFA

CNRsRA
�

FA2 � FA1

� dFA1

dsRA1
���1 � ��sRA2

�sRA1
�2� dFA2

dsRA2
�2

� dFA1

dsRA1
�2�

�
��1 � ��sRA2

�sRA1
�2�

sRA2 � sRA1
. [18]

Similar equations can be written for the other DAI pairs in
Eqs. [8–11]. Equation [18] shows that the ratio CNRFA/
CNRsRA depends on only three parameters—the two sRA
values and the ratio of the SDs at these two sRA values,
�sRA2/�sRA1—because each sRA value determines the cor-
responding FA (Eq. [1]) and dFA/dsRA (Eq. [8]). When the
two points approach a single value (a very small anisot-
ropy interval), CNRFA/CNRsRA approaches a value of 1. In
general, the ratio CNRFA/CNRsRA may be greater than 1 or
less than 1, depending on the anisotropy interval and the
variance in the data at each point.

Once the two anisotropy levels have been chosen,
CNRFA/CNRsRA increases when �sRA2/�sRA1 increases, and
CNRFA/CNRsRA decreases when �sRA2/�sRA1 decreases. A
similar analysis could be performed for each other DAI
pair in Eqs. [8–11]. In general, if the variance is greater
where one DAI has a lower slope, then that DAI will have
a more favorable CNR.

METHODS

Analytic Calculations

Analytic calculations were performed with standard prop-
agation-of-error formulas (14). In one calculation, diffu-
sion was measured along each of the three eigenvectors
with bDav � 0.5, 1, or 1.5, where b is the diffusion sensi-
tivity factor. Thus, each eigenvalue was measured directly
in a single measurement. The propagation of error into
each DAI was calculated by applying the formulas in Table
1 to these three eigenvalues. The CNR1 for each DAI was
then calculated over the range A � 0 to A � 1. In a second
calculation the ratio CNRFA/CNRsRA was calculated from
Eq. [17] for two fixed anisotropy levels (A � 0.1 and 0.5)
and several different values of the ratio �sRA2/�sRA1.

Simulations

Monte Carlo simulations, performed with IDL (Interactive
Data Language, version 5.2, Research Systems, Inc., Boul-
der, CO), used six gradient pairs [(x, y), (x, �y), (y, z), (y,
�z), (z, x), (z, �x)] with bDav � 0.5, 1, or 1.5. The starting
point for each simulation was a cylindrically symmetric
diffusion ellipsoid with its largest principal axis either
along the z axis or rotated by 
/4 radians about the x axis
so that the largest principal axis was measured directly in
the (y, �z) measurement. Gaussian-distributed noise
(mean � 0 and � SD � � [b � 0 signal]/SNR) was added to
each quadrature component of the b � 0 and diffusion-
weighted signal intensities. The D matrix was calculated
from the magnitudes of these seven noisy signals, and the
DAIs were calculated from the eigenvalues (Table 1). The
CNR2 was calculated from Eq. [13] with A differences of
0.05 for 40000 trials with SNR � 25, 50, 100, and 1000 for
the b � 0 signals.

For high A values or low SNR, the eigenvalue distribu-
tion had negative contributions. Although sRA and FA
could still be between 0 and 1 with negative eigenvalues,
VF would become greater than 1, creating an artifactually
large variance. Therefore, the A range was restricted so
that less than 0.3% of the eigenvalue distribution was
negative, and negative eigenvalues were set to zero for the
DAI calculations. This limited the simulations with bD �

Diffusion Anisotropy Indices 913
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1 to A � 0 to 0.50 for SNR � 25, A � 0 to 0.75 for SNR �
50, A � 0 to 0.85 for SNR � 100, and A � 0 to 0.95 for
SNR � 1000 for the original ellipsoid. For the rotated
ellipsoid, the ranges decreased further to A � 0 to 0.45 for
SNR � 25 and A � 0 to 0.65 for SNR � 50. The resulting
DAIs were not significantly affected by this small number
of negative eigenvalues.

For comparison with published data (10), another set of
simulations was performed with the parameters from that
study. These simulations used the same six diffusion di-
rections as above and a diagonal tensor with b �
1221 s/mm2. The eigenvalues were 1700, 300, and
100 �m2/s for the anisotropic tissue (bDav � 0.855), mod-
eled on the splenium, and 800 �m2/s for isotropic diffu-
sion (bDav � 0.977). The anisotropic tissue was also com-
pared to low levels of anisotropy with cylindrical symme-
try (A � 0.1) and Dav � 800 �m2/s. The expectation values
and SDs of FA and sRA were calculated for 10000 repeti-
tions with SNR � 20 and 100. In addition, the expectation
values and SDs of FA and sRA with bDav � 1.0 and
cylindrical symmetry were calculated for A � 0 to 0.20 in
steps of 0.01 with SNR � 20, 50, 100, 1000, and 10000.
Negative eigenvalues were permitted for these simulations
since only sRA and FA were being calculated.

Experimental Data

Measurements in the brain of a normal adult volunteer
who gave informed consent were made under a protocol
approved by our institutional review board. Diffusion-
weighted images were acquired with a single-shot echo-
planar imaging method, a field of view of 24 cm, 5-mm
slice thickness, TE � 105 ms, TR � 6000 ms, b �
860 s/mm2, and a 128 � 128 matrix. The gradient direc-
tions were the same as in the simulations, and each direc-
tion was repeated four times, two of which used the neg-
ative of the original gradient values. Signal intensities of
the two images in each positive or negative direction were
averaged, and then the geometric mean of each averaged
direction and its negative direction was calculated to elim-
inate cross-terms between diffusion and imaging gradients
(15). Four images with b � 0 were also acquired. The seven
DAIs were calculated for each pixel to produce seven DAI
maps. Each of 12 regions of interest (ROIs) was drawn on
a DAI map that allowed clear visualization of the desired
tissue as follows: thalamus, frontal white matter, internal
capsule, genu, and splenium on FA maps; cortical gray
matter, cerebral spinal fluid, putamen, centrum semiovale,
and body of the corpus callosum on sRA maps; pons on a
GV map; and brain stem on a UAvol map. Each ROI
avoided any areas where the eigenvalues were not calcu-
lated. For each ROI the means and SDs of all seven DAIs
were calculated. Six ROIs with 46–86 pixels were selected
for CSR calculation because of the moderate anisotropy
differences between regions. In order of increasing anisot-
ropy these were cortical gray matter, thalamus, centrum
semiovale, pons, internal capsule, and splenium of the
corpus callosum. The CSR for each DAI was calculated
from Eq. [15] for the five pairs of ROIs with adjacent
anisotropy values and for each tissue relative to gray mat-
ter and centrum semiovale. The SNR of the b � 0 images
was calculated by measuring the background noise and
correcting for the Rayleigh distribution (16,17).

RESULTS

Analytic Calculations

Analytic propagation-of-error calculations were made for
each DAI in a simplified system where the three eigenval-
ues were measured in three independent measurements.
The seven CNR1 curves were identical over the entire
anisotropy range. When bDav was changed from 1 to 0.5 or
1.5, the shape of the curve changed, but in each case CNR1

was identical for all seven DAIs over the entire anisotropy
range.

In order to investigate larger anisotropy differences be-
tween two tissues, the CNR ratio for any DAI pair shown in
Eqs. [1–7] is given by an equation similar to Eq. [18]. If
sRA1 � 0.1 and sRA2 � 0.5, then as �sRA2/�sRA1 increases
from 0.5 to 1.0 and 2.0, and CNRFA/CNRsRA increases from
0.86 to 0.98 and 1.19. This demonstrates that if noise
increases at the higher anisotropy level, where the FA
curve is flatter (Fig. 1), then FA will have an improved
CNR relative to sRA.

Simulations with Small Anisotropy Differences

The CNR2 calculated in simulations with bDav � 1 and
SNR � 50 is shown for each DAI as a function of A in Fig.
2. Curves for FA, GV, and UAsurf are not shown because
they were almost identical to sRA. With the largest diffu-
sion axis along the z axis, the curves were very similar for
nearly isotropic diffusion, and the differences became
more pronounced as A increased (Fig. 2a). When the el-
lipsoid was rotated by 
/4 radians about the x axis, CNR at
higher anisotropy levels decreased and the differences be-
tween groups were smaller (Fig. 2b). Calculation of CNR2

for sRA at intermediate rotations in steps of 
/40 radians
revealed that the sRA curve became horizontal with a
3
/40 radian rotation, and analytic calculations produced
similar results. When random orientations were used, the
results fell between the two extremes, with a slight nega-
tive slope (data not shown). At a lower SNR of 25, the
curves diverged sooner and the differences between
groups were greater, while at SNR � 100 or 1000 the
curves diverged later and differences between groups were
smaller (data not shown).

In each case the DAIs were easily divided into three
groups based on CNR. The curves for Group 1 (sRA, FA,
GV, and UAsurf) were virtually indistinguishable from
each other, as expected from the algebraic relationships
between these DAIs (Eqs. [1–4]). Similarly, Group 2 (VF
and UAvol) had similar CNR, as expected from the alge-
braic relationship of Eqs. [5] and [6], and this CNR was
slightly lower than that of the first group. The lowest CNR
occurred for UAvol, surf. When the bDav value was changed
to 0.5 or 1.5, the shapes of the curves changed, but the
same three groups were clearly seen, with similar differ-
ences between groups.

Simulations with Large Anisotropy Differences

Simulations were performed to calculate the ratio CNRFA/
CNRsRA for the difference between a tissue with the diffu-
sion properties of the splenium and a tissue with isotropic
or nearly isotropic diffusion, similar to a published report
(10). This ratio was slightly greater than 1 for isotropic

914 Kingsley and Monahan
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diffusion, 1.06 with SNR � 100 and 1.05 with SNR � 20.
However, with A � sRA � 0.1 the ratio decreased to 0.85
with SNR � 100 and 0.95 with SNR � 20. Thus, the
apparent advantage of FA is not sustained if the conditions
are changed slightly.

The apparent CNR advantage of FA for isotropic diffu-
sion could be explained by an artifactually low variance
for isotropic or nearly isotropic diffusion (17). To investi-
gate this possibility, the SD of sRA was calculated in
simulations with cylindrical symmetry over the range A �
0 to 0.20 for bDav � 1 and several SNR levels (Fig. 3a). The
calculated SDs were multiplied by SNR so that they could
be compared directly. The curves for SNR � 1000 and
10000 are nearly identical, indicating minimal bias for A �
0.01 at these SNR levels. In contrast, as SNR decreased
from 1000 to 100, 50, and 20, the scaled SD of sRA de-

creased, especially at lower anisotropy levels, and ap-
proached the true values as anisotropy increased. This
deviation of the SD from the true values parallels the
positive bias in the calculated sRA values under the same
conditions (Fig. 3b) (17).

Experimental Data

One b � 0 image and the corresponding FA and sRA maps
are shown in Fig. 4. The ROIs for thalamus, internal cap-
sule, and splenium were drawn on the FA map in Fig. 4b,
avoiding the regions where no FA was calculated in the
splenium, and the putamen ROI was drawn on the sRA
map in Fig. 4c. The SNR of the b � 0 human brain images
was estimated from the average signal intensity above the
ventricles (485) and from background noise, which had a
mean value of 24.1 and a SD of 17.2. After correction for

FIG. 2. CNR2 as a function of A for four of the seven DAIs calcu-
lated in simulations with bDav � 1. The diffusion ellipsoid is aligned
with the reference frame (diagonal tensor) in a and rotated by 
/4
radians about the x axis in b. Forty thousand repetitions were
performed for 
A � 0.05 and SNR � 50. The curves for FA, GV, and
UAsurf are not shown because they are almost identical to sRA. In b,
the VF curve (not labeled) is nearly identical to the sRA curve at high
anisotropy and just above the UV curve at low anisotropy. Abbre-
viations are the same as in Fig. 1.

FIG. 3. a: SD of sRA at low anisotropy levels with SNR � 10000,
1000, 100, 50, and 20 from top to bottom. Standard deviations were
calculated from simulations with cylindrical symmetry and bDav � 1.
Each SD has been multiplied by the SNR so that they can be
compared directly on the same scale. b: Bias of sRA at low anisot-
ropy levels with SNR � 1000, 100, 50, and 20 from bottom to top.
The sRA value for A � 0 to 0.20 was calculated from simulations
with cylindrical symmetry and bDav � 1. The true value is indicated
by a straight line that is mostly obscured by the SNR � 1000 line.

Diffusion Anisotropy Indices 915
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the Rayleigh distribution (16,17), the estimated noise level
is 24.1/(
/2)1/2 � 19.2 or 17.2/(2 � 
/2)1/2 � 26.3, yielding
SNR � 25.3 or 18.4. When four acquisitions are averaged
together, the expected SNR is between 36 and 50.

The calculated mean DAI values and standard devia-
tions for six regions of interest in a human brain are shown
in Table 2. The five CSR values calculated from Eq. [15],
and the changes as a function of anisotropy, were similar
for all seven DAIs (Fig. 5). The deviation of each DAI from
the mean CSR of all seven DAIs was calculated. Six DAIs
were within about 1 SD of the mean, while FA was 1.5
standard deviations above the mean. Thus, no DAI had a
CSR that was significantly different from the mean value.

To investigate the possibility that the six selected ROIs
had unusual variances, the mean and SD in all 12 ROIs
with at least 33 pixels each were fitted with a polynomial
curve for each DAI. The resulting CNR1 plot, calculated
from Eq. [14], was similar to Fig. 5.

Although CNR with small anisotropy differences is most
important for comparing groups or regions with small
anisotropy differences, larger anisotropy differences can
also be considered. When gray matter was compared to the
other five brain regions, the calculated CSRDAI/CSRsRA

generally increased as the anisotropy increased for FA and
GV, while it decreased for all three UA indices (Table 3).
When the centrum semiovale was used as a reference, the
patterns changed considerably (Table 4).

DISCUSSION

The results of diffusion-weighted imaging and DTI mea-
surements can be predicted by analytic propagation-of-
error calculations (3,8,18–20) and by Monte Carlo simula-
tions (2,4–6,9–11,21,22). The propagation-of-error ap-
proach is useful for measuring a single apparent diffusion

coefficient (ADC) (18,19), for measuring the three diffusion
eigenvalues in three separate and independent measure-
ments (3,20), and for limited segments of the DTI data
processing chain, as in Eq. [16] (8). This approach may
work for the entire DTI processing chain with six diffusion
directions, but those analytic formulas would be very com-
plex and have not been published.

The propagation-of-error approach for the entire DTI
processing chain fails when diffusion is measured in more
than six directions because the error in each diffusion
measurement propagates into all six tensor elements in
complex ways. Furthermore, error propagation has two
other limitations. First, it assumes a first-order linear ap-
proximation of the function. This approximation begins to
break down as SNR decreases and as anisotropy increases
(Fig. 2b). Second, error propagation does not predict the
bias in DAI values (Fig. 3b) (5,6,11) and SDs (Fig. 3a).
Although the SD bias does not appear to have been re-
ported previously, it is visible in Fig. 4e of Ref. (5) where
the SD curves for sRA and FA, which increase as �1/�3

decreases from 10 (A � 0.75) to 2 (A � 0.25), level off (FA)
or decline (sRA) between �1/�3 � 2 and �1/�3 � 1 (A � 0).
Therefore, simulations are used for more realistic predic-
tions of DTI measurements, even with six measurement
directions.

The propagation-of-error formula in Eq. [16] predicts
that the DAI pairs in Eqs. [8–11] should have identical
CNR1. In fact, the theoretical CNR1 is identical for all seven
DAIs. This same theory predicts that as nonlinear effects
increase with lower SNR and increased anisotropy, differ-
ences will appear between groups before they appear
within a group. The simulations shown in Fig. 2 support
these predictions. The orientation dependence of the CNR
seen in Fig. 2 would nearly disappear if the number of
diffusion directions were increased from 6 to 15–21 (21).

FIG. 4. (a) One b � 0 image of a
human brain, (b) the FA map from
the same slice, and (c) the sRA
map from the same slice.

Table 2
Comparison of DAIs between Different Brain Regionsa

ROI sRA FA GV UAsurf VF UAvol UAvol,surf

Gray matter 0.048 (0.015) 0.083 (0.027) 0.0088 (.0071) 0.0012 (0.0008) 0.0076 (0.0048) 0.0025 (0.0016) 0.0012 (0.0008)
Thalamus 0.158 (0.018) 0.266 (0.029) 0.138 (0.032) 0.013 (0.0028) 0.077 (0.015) 0.026 (0.0051) 0.014 (0.0025)
Centrum semiovale 0.261 (0.033) 0.424 (0.047) 0.353 (0.071) 0.035 (0.0091) 0.183 (0.042) 0.066 (0.016) 0.031 (0.0083)
Pons 0.470 (0.064) 0.674 (0.061) 0.724 (0.079) 0.120 (0.038) 0.489 (0.100) 0.205 (0.058) 0.097 (0.031)
Internal capsule 0.562 (0.062) 0.759 (0.049) 0.830 (0.053) 0.176 (0.045) 0.647 (0.086) 0.298 (0.062) 0.149 (0.036)
Splenium 0.703 (0.063) 0.861 (0.039) 0.927 (0.030) 0.294 (0.065) 0.818 (0.085) 0.450 (0.097) 0.226 (0.077)

aValues are the mean of 46–86 pixels. Standard deviations are shown in parentheses.
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Because CNR is a statistically meaningful measurement,
CNR equivalence means that FA and RA have equal ability
to differentiate tissues with different anisotropies. DAI
comparisons based on “sensitivity” defined as the deriva-
tive with respect to A (4,7), or “noise immunity” defined as
the calculated SNR (8), do not provide any useful infor-
mation on the statistical advantage of one DAI over an-
other. For example, FA as a function of A is concave down,
sRA is linear, GV is sigmoid, and UAsurf is concave up (Fig.
1). However, for small anisotropy differences, all four in-
dices have identical theoretical CNR1, and very similar
CNR2 (Fig. 2) and CSR (Fig. 5), over the entire anisotropy
range. For large anisotropy differences, small CNR differ-
ences may be calculated in specific instances, but no con-
sistent advantage of any of the four DAIs over any other
one is found. Therefore, these four DAIs are equally good
for determining whether anisotropy is the same or differ-
ent in two homogeneous regions.

All seven DAIs had similar CSR for small anisotropy
differences in human brain (Fig. 5). The scatter in the brain
data were apparently large enough to mask any small
differences expected between the DAIs. The experimental
CSR decline with anisotropy (Fig. 5) appears to be real,
because a plot of published data (2) yields a shape similar
to Fig. 5 with an approximate threefold CSR decrease.

Since the CSR decline in Fig. 5 occurs at a lower anisot-
ropy level than predicted by even the lowest CNR simula-
tions (Fig. 2b), it cannot be explained completely by noise
and must be caused partly by heterogeneity within each
tissue.

When tissues with very different anisotropies are con-
sidered, analysis of published FA and sRA data (2) yields
results similar to Tables 3 and 4. The contrast is propor-
tional to the average slope of a DAI between two A values,
while the relative SD depends on the slopes at the A values
(Eq. [16]). Thus, an appropriate sigmoid curve will provide
the highest CSR between two very different tissues, for
example, GV in Tables 3 and 4. However, this may not
provide the best CSR between other pairs of tissues (Tables
3 and 4).

Equation [16] predicts that when two tissues with very
different anisotropy levels are compared, if the SD in-
creases significantly with anisotropy, then CSRFA will
increase relative to CSRsRA. Table 2 shows that the mea-
sured SD generally increases with anisotropy in human
brain, similar to published results (2). Therefore, the
calculated CSR between tissues with large anisotropy
differences is greater for FA than for sRA (Table 3). The
increased SD with increasing anisotropy appears to have
three contributing factors. First, at very low anisotropy
levels there is a negative SD bias (Fig. 3a). Second, as
anisotropy increases, the range of ADCs being measured
increases, requiring that some ADCs be further from
their optimum b factor. Third, anisotropic tissues ap-
pear to have more biologic heterogeneity, as suggested
by the sharp decline in CSR at moderate anisotropy
levels (Fig. 5).

It has been suggested that the DAIs with the lowest
values for an isotropic phantom are less sensitive to noise
when anisotropy is low (4). However, our results show that
all seven DAIs have virtually identical CNR when anisot-
ropy is low, and thus all would be equally good for dis-
tinguishing slightly anisotropic diffusion from isotropic
diffusion (Fig. 2).

CONCLUSIONS

All seven proposed rotationally invariant DAIs that do not
require eigenvalue sorting have similar CNR for small an-
isotropy differences under a wide range of conditions.
Calculated CNR, especially for larger anisotropy differ-
ences, may be affected by the bias in the DAI values and in
their SDs, by the choice of b factor, and by nonuniform
diffusion anisotropy within a region of interest. Small CNR

FIG. 5. CSR between six regions of the human brain as a function
of sRA for the seven DAIs. The sRA shown for each CSR is the
average of the two regions. The curves from left to right at the arrow
are UAvol, surf (
), UAvol (▫), UAsurf (X), VF (Œ), sRA (●), FA (�), and GV
(E).

Table 3
Comparison of CSRDAI/CSRsRA between Gray Matter and Tissues with Different Anisotropies

Tissue
Anisotropy index

FA GV UAsurf VF UAvol UAvol,surf

Thalamus 1.01 0.84 0.84 0.96 0.95 1.02
Centrum semiovale 1.08 0.82 0.64 0.70 0.66 0.62
Pons 1.39 1.41 0.49 0.76 0.55 0.48
Internal capsule 1.49 1.90 0.48 0.92 0.59 0.51
Splenium 1.64 3.00 0.45 0.95 0.46 0.29

Diffusion Anisotropy Indices 917
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differences appear in certain circumstances, including low
SNR and high anisotropy levels. However, FA does not
have any intrinsic advantage over sRA.
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Tissue
Anisotropy index
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Gray matter 1.08 0.82 0.64 0.70 0.66 0.62
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